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Input-to-state stability (ISS)

De�nition
A system is said to be globally input-to-state stability if there exists a
K-function γ(�) (continuous and strictly increasing γ(0) = 0) and KL
-function β (�) (K-function and lim

sk!∞
β (sk ) = 0) , such that, for each

u 2 L∞ (sup fku(k)kg < ∞) and each initial state x0 2 Rn, it holds thatx �k, x0, u (k)� � β
�x0 , k�+ γ (ku (k)k)

De�nition
A smooth function V : <n ! < � 0 is called a smooth ISS-Lyapunov
function for system if:
(a) there exists a K∞-function α1(�) and α2(�) (K-function and
lim
sk!∞

β (sk ) = ∞) such that

α1(s) � L (s) � α2(s), 8s 2 <n

(b) There exist a K∞-function α3(�) and a K-function α4(�) such that

Lk+1�Lk � �α3(kx (k)k)+ α4(ku (k)k), for all x (k) 2 <n, u (k) 2 <m
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Input-to-state stability (ISS)

Stable training law without dead-zone modi�cation is

Wk+1 = Wk � skηkφ [VkX (k)] e (k)
Vk+1 = Vk � skηkW

0φ0X (k) e (k)

where

ηk =
η0

1+ kφVkX (k)k2 + kW 0φ0X (k)k2
, 0 � η0 � 1
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Input-to-state stability (ISS)

When

2ηke (k) [δ (k) + ξ (k)] � ηke
2 (k) + ηk [δ (k) + ξ (k)]2

� ηke
2 (k) + ηk ξ̄ + δ̄

∆Lk � ηk

" �
kφVkX (k )k2+kW 0φ0X (k )k2

�
1+kφVkX (k )k2+kW 0φ0X (k )k2

η0 � 1
#
e2 (k) + ηk [δ (k) + ξ (k)]2

� �πke2 (k) + ηk ε2 (k)

πk is an K∞-function, ηk [δ (k) + ξ (k)]2 is a K-function. Lk is the

function of e (k) and ε (k) = δ (k) + ξ (k) , n
�
min

�ew2i �+min �ev2i �� and
n
�
max

�ew2i �+max �ev2i �� are K∞-functions, so Lk admits the smooth
ISS-Lyapunov function. If the input

kε (k)k2 = kδ (k)k2 + kξ (k)k2 � ξ̄ + δ̄

is bounde, then the state e2 (k) is bounded
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Recurrent neural networks

Plant: discrete-time state-space nonlinear system

x(k + 1) = f [x (k) , u (k)]

NN model

bx (k + 1) = Abx (k) + σ [W1 (k) x (k)] + φ [W2 (k) x (k)] u (k)

Learning methods
1 BPTT
2 Stable learning
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Recurrent neural network

Discrete-time recurrent neural networks

x̂ (k + 1) = Ax̂ (k) +W1φ [V1x̂ (k)] +W2φ [V2x̂ (k)] u (k)

Simplest case, RNN is

x̂ (k + 1) = Ax̂ (k) +Wφ [x (k)]

Unknown nonlinear system is

x (k + 1) = f [x (k)]

From generalized Stone-Weierstrass theorem, the nonlinear system can be
written as

x(k + 1) = Ax (k) +W �φ [x (k)]
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Recurrent neural networks

The modeling error is
e = x̂ (k)� x (k)

The error dynamic is

e (k + 1) = Ae (k) + W̃φ [x (k)]

We use the updating law as

W (k + 1) = W (k)� ηφe (k)
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Recurrent neural networks

Lyapunov function is
L (k) =

W̃ (k)
2

So
∆L (k) =

W̃ (k)� ηφe (k)
2 � W̃ (k)

2
= η2 ke (k)k2 φ2 � 2η

W̃φ
 ke (k)k

The error dynamic

e (k + 1) = Ae (k) + W̃φ [x (k)]

∆L (k) = η2e2 (k)2 φ2 � 2η ke (k + 1)� Ae (k)k ke (k)k
= η2 ke (k)k2 φ2 � 2η

e (k)T e (k + 1)� e (k)T Ae (k)
� η2 ke (k)k2 φ2 � 2η

e (k)T e (k + 1)+ 2η ke (k)k2λmax(A)
� �2

e (k)T e (k + 1)+ �2λmax (A) + ηφ2
�
ke (k)k2
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Recurrent neural networks

We need e (k)T e (k + 1)! ke (k)k2

De�ne RNN as
βx̂ (k + 1) = Ax̂ (k) +Wφ [x (k)]

where β > 0 is a design parameter. So the error dynamic is

βe (k + 1) = Ae (k) + W̃φ [x (k)]

and

∆L (k) � �2
e (k)T e (k + 1)+ �2λmax (A) + ηφ2

�
ke (k)k2
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Recurrent neural networks

If kβe (k + 1)k � ke (k)k

∆L (k) � �2 ke (k)k2 +
�
2λmax (A) + ηφ2

�
ke (k)k2

= �2
�
1�

�
λmax (A) + 1

2ηφ2
�	
ke (k)k2

We need
λmax (A) + 1

2ηφ2 < 1

η < 21�λmax(A)
φ2

, η0 � 2 [1� λmax (A)]

η (k) = η0
1+φ2

� 2[1�λmax(A)]
1+φ2

< 2(1�λmax(A))
φ2
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Recurrent neural networks

The RNN is

βx̂ (k + 1) = Ax̂ (k) +Wφ [x (k)] , β > 0

The updating law as

W (k + 1) = W (k)� η (k) φe (k)

where η (k) = η0
1+φ2 [x (k )]

, η0 � 2 [1� λmax (A)] ,

If kβe (k + 1)k < ke (k)k we stop the updating, �nally

η (k) =

(
η0

1+φ2 [x (k )]
if β ke (k + 1)k � ke (k)k

0 if β ke (k + 1)k < ke (k)k
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Unmodeled dynamic

RNN is
βx̂ (k + 1) = Ax̂ (k) +Wφ [x (k)]

Unknown nonlinear system is

x (k + 1) = f [x (k)]

The nonlinear system can be written as

x(k + 1) = Ax (k) +W �φ [x (k)] + ξ (k)

where kξ (k)k2 � ξ̄
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Unmodeled dynamic

So the error dynamic is

βe (k + 1) = Ae (k) + W̃φ [x (k)]� ξ (k)

Lyapunov function is
L (k) =

W̃ (k)
2

then

∆L (k) = η2e2 (k)2 φ2 � 2η k�βe (k + 1) + Ae (k) + ξ (k)k ke (k)k
= η2 ke (k)k2 φ2 � 2η

�e (k)T e (k + 1) + e (k)T Ae (k) + ξ (k) e (k)


� η2 ke (k)k2 φ2 � 2η
e (k)T e (k + 1)+ 2η ke (k)k2λmax(A) + η kξ (k)k2 + η ke (k)k2

� �2
e (k)T e (k + 1)+ �1+ 2λmax (A) + ηφ2

�
ke (k)k2 + kξ (k)k2

(CINVESTAV-IPN) Intelligent Control October 17, 2024 13 / 35



Unmodeled dynamic

If kβe (k + 1)k � ke (k)k

∆L (k) � �2 ke (k)k2 +
�
1+ 2λmax (A) + ηφ2

�
ke (k)k2 + kξ (k)k2

= �
�
1� 2λmax (A)� ηφ2

�
ke (k)k2 + kξ (k)k2

We need
2λmax (A) + ηφ2 < 1

η < 1�2λmax(A)
φ2

, η0 � 1� 2λmax (A)

η (k) = η0
1+φ2

� 1�2λmax(A)
1+φ2

< 1�2λmax(A)
φ2

then

∆L (k) � � η0
1+ φ2

ke (k)k2 + kξ (k)k2 � η0
1+ φ̄

ke (k)k2 + ξ̄

The average of the identi�cation error satis�es

J = lim sup
T!∞

1
T

T

∑
k=1

e2 (k) � (1+ φ̄)

η0
ξ̄
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Single-layer neural network

Discrete-time recurrent neural networks

x̂ (k + 1) = Ax̂ (k) +W1φ1 [x̂ (k)] +W2φ2 [x̂ (k)]U (k)

Theorem
If the single-layer neural network is used to identify nonlinear plant, the
eigenvalues of A is selected as �1 < λ (A) < 0, the following gradient
updating law can make the identi�cation error e (k) bounded (stable in an
L∞ sense)

W1 (k + 1) = W1 (k)� η (k) φ1 [x̂ (k)] e
T (k)

W2 (k + 1) = W2 (k)� η (k)U(k)φ2 [x̂ (k)] e
T (k)

where η (k) satis�es

η (k) =

8<:
η

1+ kφ1k
2 + kU(k)φ2k

2 if β ke (k + 1)k � ke (k)k

0 if β ke (k + 1)k < ke (k)k

0 < η � 1.
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Multilayer RNN

The discrete-time multilayer recurrent neural networks

βx̂ (k + 1) = Ax̂ (k) +Wkσ [Vkx (k)]

Σ
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T
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Identi�cation with RNN

The smooth function f has Taylor formula as

f (x1, x2) =
l�1
∑
k=0

1
k !

��
x1 � x01

� ∂

∂x1
+
�
x2 � x02

� ∂

∂x2

�k
0
f + Rl

where Rl is the remainder of the Taylor formula.
Using Taylor series around the point of WkX (k) and Vk , the identi�cation
error e (k) = bx (k)� x (k) can be represented as

βe (k + 1) = Ae (k) + W̃kφ [Vkx (k)] +W
�φ0Ṽkx (k) + ζ (k)

ζ (k) = R1 + µ (k) , here R1 is second order approximation error of the
Taylor series.
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Multilayer RNN

Theorem
For multilayer RNN, A is selected as �1 < λ (A) < 0, the following
gradient updating law can make identi�cation error e (k) bounded

Wk+1 = Wk � ηke (k) φ
Vk+1 = Vk � ηke (k) φ0W 0x (k)

where 0 < η � 1

ηk =

8<:
η

1+ kφ0W 0k2 + kφk2
if β ke (k + 1)k � ke (k)k

0 if β ke (k + 1)k < ke (k)k

The average of the identi�cation error satis�es

J = lim sup
T!∞

1
T

T

∑
k=1

e2 (k) � η

π
ζ
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Recurrent MultiLayer Perceptrons
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Countinous-time RNN (Dynamic neural networks)

Plant
�
xt = f (xt , ut , t), xt 2 <n, ut 2 <m

Model
d
dt
x̂ = Ax̂t +W1σ(x̂t ) +W2φ(x̂t )γ(ut )

x̂ 2 <n, u 2 <k . The matrix A 2 <n�n is a stable matrix. The matrices
W1 2 <n�m and W2 2 <n�m are the weights output layers. V1 2 <m�n
and V2 2 <m�n are the weights of hidden layers. σ (�) 2 <m is sigmoidal
vector functions, φ(�) is <m�m diagonal matrix, i.e.,

φ(�) = diag [φ1(V2x̂)1 � � � φm(V2x̂)m ] .

σi (�) and φi (.) are as sigmoid functions, i.e.

σi (xi ) =
ai

1+ e�bi xi
� ci .
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Simplest case

The plant is
ẋ = f (x)

Continuous-time recurrent NN (series-parallel)

d
dt
x̂ = Ax̂ +W σ(x)

The nonlinear system is complete described by following neural network

ẋ = Ax +W �σ(x)

The modeling error is
∆ = x̂ � x

The error dynamic is

∆̇ =
d
dt
x̂ � ẋ = A∆+ W̃ σ(x)

where W̃ = W �W �
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Lyapunov

De�ne Lyapunov function candidate as

L = ∆TP∆+
1
k
tr
h
W̃ T W̃

i
then

L̇ = ∆̇TP∆+ ∆TP∆̇+
2
k
tr
��

d
dt
W̃
�
W̃
�

Using error dynamic ∆̇ = A∆+ W̃ σ(x)

L̇ = ∆T
�
ATP + PA

�
∆+ 2∆TPW̃ T σ(x) +

2
k
tr
��

d
dt
W̃
�
W̃ T

�
If A is stabel

ATP + PA = �Q, Q = QT > 0

so

L̇ = �∆TQ∆+
�
2∆TPσ(x) +

2
k

�
d
dt
W̃
��
W̃ T
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Lyapunov

If we let

2∆TPσ(x) +
2
k

�
d
dt
W̃
�
= 0

The leaning law is

Ẇ =
d
dt
W̃ = �k∆TPσ(x)

then
L̇ = �∆TQ∆

So ∆T 2 L2 \ L∞, from the error dynamic, ∆̇ 2 L∞. Using Barlalat�s
Lemma, we have

lim
t!∞

∆ = 0
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,

The plant is
ẋ = f (x , u)

Continuous-time recurrent NN (series-parallel)

d
dt
x̂ = Ax̂ +W1σ(x) +W2φ(x)γ(u)

The nonlinear system is complete described by following neural network

ẋ = Ax +W �
1 σ(x) +W �

2 φ(x)γ(u)

The error dynamic is

∆̇ =
d
dt
x̂ � ẋ = A∆+ W̃1σ(x) + W̃2φ(x)γ(u)

where W̃1 = W1 �W �
1 W̃2 = W2 �W �

2
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With control

Lyapunov function candidate as

L = ∆TP∆+
1
k1
tr
h
W̃ T
1 W̃1

i
+
1
k2
tr
h
W̃ T
2 W̃2

i
then

L̇ = ∆̇TP∆+ ∆TP∆̇+
2
k1
tr
��

d
dt
W̃1

�
W̃ T
1

�
+
2
k2
tr
��

d
dt
W̃2

�
W̃ T
2

�
Using error dynamic ∆̇ = A∆+ W̃1σ(x) + W̃2φ(x)γ(u)

L̇ = �∆TQ∆+
h
2∆TPσ(x) + 2

k1

� d
dt W̃1

�i
W̃ T
1

+
h
2∆TPφ(x)γ(u) + 2

k2

� d
dt W̃2

�i
W̃ T
2
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With control

The leaning law is
Ẇ1 = �k1∆TPσ(x)
Ẇ2 = �k2∆TPφ(x)γ(u)

then
L̇ = �∆TQ∆

Using Barlalat�s Lemma, we have

lim
t!∞

∆ = 0
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Parallel model

The plant is
ẋ = f (x)

Continuous-time recurrent NN (series-parallel)

d
dt
x̂ = Ax̂ +W σ(x̂)

The nonlinear system is complete described by following neural network

ẋ = Ax +W �σ(x)

The error dynamic is

∆̇ = A∆+W σ(x̂)�W �σ(x)�W �σ(x̂) +W �σ(x̂)
= A∆+ W̃ σ(x̂) +W �σ(x̂)�W �σ(x)
= A∆+ W̃ σ(x̂) +W � [σ(x̂)� σ(x)]
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Parallel model

The function σ̃ = σ(x̂)� σ(x) ful�ll generalized Lipshitz condition

kσ(x̂)� σ(x)kΛσ
= σ̃TΛσσ̃ � (x̂ � x)T Dσ (x̂ � x) = ∆TDσ∆

De�ne Lyapunov function candidate as

L = ∆TP∆+
1
k
tr
h
W̃ T W̃

i
then

L̇ = ∆̇TP∆+ ∆TP∆̇+
2
k
tr
��

d
dt
W̃
�
W̃
�

Using error dynamic ∆̇ = A∆+ W̃ σ(x̂) +W �σ̃,

L̇ = ∆T
�
ATP + PA

�
∆

+2∆TP
�
W̃ T σ(x) +W �σ̃

�
+ 2

k tr
�� d
dt W̃

�
W̃ T

�
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Parallel model

We use matrix inequality

XTY +
�
XTY

�T
� XTΛ�1X + Y TΛY

where X ,Y ,Λ 2 <n�k and for any positive de�ned matrix Λ = ΛT > 0,
Becasue

2∆TPW �σ̃ � ∆TPW �Λ�1W �TP∆+ σ̃TΛσ̃ � ∆T
�
PW 1P +Dσ

�
∆

So
L̇ � ∆T

�
ATP + PA

�
∆+

�
2∆TPσ(x) + 2

k

� d
dt W̃

��
W̃ T

+∆T
�
PW 1P +Dσ

�
∆
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Parallel model

with the leaning law is
Ẇ = �k∆TPσ(x)

Then

L̇ � ∆T
�
PA+ ATP + PW 1P +Dσ +Q0

�
∆� ∆TQ0∆

L̇ � �∆TQ0∆+ ∆T
�
ATP + PA+ PRP +Q

�
∆
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Parallel model

If A is stable, the pair (A,R1/2) is controllable, the pair (Q1/2,A) is
observable, and a local frequency condition

ATR�1A�Q � 1
4

h
ATR�1 � R�1A

i
R
h
ATR�1 � R�1A

iT
is ful�lled, then the matrix Riccati equation

ATP + PA+ PRP +Q = 0

has a solution P = PT > 0.
Then

L̇ � �∆TQ∆ � 0
Using Barlalat�s Lemma, we have

lim
t!∞

∆ = 0
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Unmodeled dynamics present

The plant is
ẋ = f (x)

Continuous-time recurrent NN (series-parallel)

d
dt
x̂ = Ax̂ +W σ(x)

The nonlinear system is complete described by following neural network

ẋ = Ax +W �σ(x) + ∆f

Error dynamic

∆̇ =
d
dt
x̂ � ẋ = A∆+ W̃ σ(x) + ∆f
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De�ne Lyapunov function candidate as

L = ∆TP∆+
1
k
tr
h
W̃ T W̃

i
Using error dynamic ∆̇ = A∆+ W̃ σ(x) + ∆f .

k∆f k2Λ = ∆f TΛ∆f � f

and
2∆TP∆f � ∆TPΛ�1P∆+ ∆f TΛ∆f � ∆TPΛ�1P∆+ f̄

then
L̇ � ∆T

�
PA+ ATP + PΛ�1P +Q0

�
∆� ∆TQ0∆+ f̄

from the matrix Riccati equation

ATP + PA+ PRP +Q = 0
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Unmodeled dynamics present

we have
L̇ � �∆TQ0∆+ f̄

L̇ � �∆TQ0∆+ f̄ � �λmin (Q0) k∆k2 + f̄
The learning law is

Ẇ = �sk∆TPσ(x)

where

s =

(
1 if k∆k2 > f̄

λmin(Q0)

0 if k∆tk2 � f̄
λmin(Q0)

if k∆k2 > f̄
λmin(Q0)

, with the updating law L̇ < 0. If k∆tk2 � f̄
λmin(Q0)

,

W is constant. L is bounded.
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Unmodeled dynamics present

Integrating L̇ from 0 to T yields

L(T )� L(0) � �
Z T

0
∆TQ0∆dt + Tf

so
1
T

R T
0 k∆k2Q0 dt � f +

V0
T

limT!∞
R T
0 k∆k2Q0 dt � f

(1)
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