
Stable Learning

Wen Yu

https://www.ctrl.cinvestav.mx/~yuw/
yuw@ctrl.cinvestav.mx

(CINVESTAV-IPN) Intelligent Control October 10, 2024 1 / 22



Stable learning

Nonlinear system
y (k) = f [X (k)]

The neural networks is

ŷ (k) = Wkφ [X (k)]

If the identi�ed nonlinear system can be represented as (matching
condition)

y (k) = W �φ [X (k)]

The training law is
Wk+1 = Wk � ηφe (k)

where
e (k) = ŷ (k)� y (k)
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Error dynamic

ŷ (k) = Wkφ
y (k) = W �φ

Modeling error is
e (k) = ŷ (k)� y (k)
= [Wk �W �] φ
= W̃kφ

where
W̃k = Wk �W �
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Lyapunov

We select Lyapunov function as

Lk =
W̃k

2 = tr nW̃ T
k W̃k

o
Becasue

W̃k+1 = W̃k � ηkφe (k)

From the updating law

∆Lk = Lk+1 � Lk =
W̃k � ηkφe (k)

2 � W̃k
2

=
W̃k

2 � 2ηke (k) φW̃k + kηkφe (k)k2 �
W̃k

2
= η2ke

2 (k) kφk2 � 2ηke (k) φW̃k

= η2ke
2 (k) kφk2 � 2ηke

2 (k)

=
h
ηk kφk2 � 2

i
ηke

2 (k)
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Lyapunov

We select

ηk =
2η0

1+ kφk2
, 0 � η0 � 1

then h
ηk kφk2 � 2

i
= 2

"
kφk2

1+ kφk2
η0 � 1

#
� 2 [η0 � 1] � 0

so
∆Lk � 0
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Unmodeled dynamic

Nonlinear system
y (k) = f [X (k)]

The neural networks is

ŷ (k) = Wkφ [X (k)]

If the identi�ed nonlinear system can be represented as

y (k) = W �φ+ ξ (k) , jξj2 � ξ̄
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Unmodeled dynamic

The error dynamicr is

e (k) = ŷ (k)� y (k)
= Wkφ�W �φ� ξ (k)
= W̃kφ� ξ (k)

Lyapunov
∆Lk = η2ke

2 (k) kφk2 � 2ηke (k) φW̃k

= η2ke
2 (k) kφk2 � 2ηke (k) [e (k) + ξ (k)]

=
h
ηk kφk2 � 2

i
ηke

2 (k)� 2ηke (k) ξ (k)

Here
�2ηke (k) ξ (k) � ηke

2 (k) + ηk ξ2 (k) , ηk > 0
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Unmodeled dynamic

So
∆Lk =

h
ηk kφ [X (k)]k2 � 1

i
ηke

2 (k) + ηk ξ2 (k)

We select
ηk =

η0
1+ kφ [X (k)]k2

, 0 � η0 � 1

then h
ηk kφk2 � 1

i
ηk

=
h
kφk2

1+kφk2 η0 � 1
i

ηk

� (η0 � 1) ηk = �πk � 0
where

πk = (1� η0) ηk
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Unmodeled dynamic

So
∆Lk � �πke

2 (k) + ξ̄ � � [1� η0] η̄e
2 (k) + ξ̄

where
πk =

h
1� kφk2

1+kφk2 η0

i
ηk

� [1� η0] ηk
� [1� η0] η̄

here

ηk =
η0

1+ kφ [X (k)]k2
� η0
1+ φ̄

= η̄, φ̄ = max
h
kφ [X (k)]k2

i
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Dead-zone learning

Wk+1 = Wk � skηkφe (k)

where
ηk =

η0
1+ kφk2

, 0 � η0 � 1

sk =

8<: 1 if e2 (k) > ξ̄
[1�η0 ]η̄

0 if e2 (k) � ξ̄
[1�η0 ]η̄

Becasue
∆Lk � � [1� η0] η̄e

2 (k) + ξ̄

If e2 (k) > ξ̄
[1�η0 ]η̄

, then ∆Vk � 0

If e2 (k) � ξ̄
[1�η0 ]η̄

, Wk+1 = Wk , then ∆Vk = 0

(CINVESTAV-IPN) Intelligent Control October 10, 2024 10 / 22



Nonlinear active function

Nonlinear system
y (k) = f [X (k)]

The neural networks is

ŷ (k) = φ [WkX (k)]

We use Talyor seris

φ [WkX (k)] = φ
�
W 0X

�
+ φ0

�
Wk �W 0

�
X (k) +O

�
W̃
�

= φ
�
W 0X

�
+ φ0

�
Wk �W 0

�
X (k) + δ (k)

The identi�ed nonlinear system can be represented as

y (k) = φ
�
W 0X (k)

�
� ξ (k) , jξj2 � ξ̄
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Nonlinear active function

Error dynamic is

e (k) = ŷ (k)� y (k) = φ (WkX )� φ
�
W 0X

�
+ ξ (k)

= φ0
�
Wk �W 0

�
X (k) + δ (k) + ξ (k)

= φ0W̃kX (k) + δ (k) + ξ (k)

Training law should be

Wk+1 = Wk � ηkφ0X (k) e (k)
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Nonlinear active function

Becasue
W̃k+1 = W̃k � ηkφ0X (k) e (k)
e (k) = φ0W̃kX (k) + δ (k) + ξ (k)

Lyapunov

∆Lk = η2ke
2 (k) kφ0X (k)k2 � 2ηke (k) φ0W̃kX (k)

= η2ke
2 (k) kφ0X (k)k2

�2ηke (k) [e (k)� δ (k)� ξ (k)]

=
h
ηk kφ0X (k)k2 � 2

i
ηke

2 (k)

+2ηke (k) [δ (k) + ξ (k)]

Here

2ηke (k) [δ (k) + ξ (k)] � ηke
2 (k) + ηk

�
ξ̄ + δ̄

�
, ηk > 0
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Nonlinear active function

So
∆Lk � � [1� η0] η̄e

2 (k) +
�
ξ̄ + δ̄

�
Then the training law is

Wk+1 = Wk � skηkφ0X (k) e (k)

where
ηk =

η0
1+ kφk2

, 0 � η0 � 1

sk =

8<: 1 if e2 (k) > ξ̄+δ̄
[1�η0 ]η̄

0 if e2 (k) � ξ̄+δ̄
[1�η0 ]η̄

η̄ =
η0
1+φ̄

, φ̄ = max
h
kφ [X (k)]k2

i
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MLP

Nonlinear system
y (k) = f [X (k)]

MLP neural networks is

ŷ (k) = Wkφ [VkX (k)]

The identi�ed nonlinear system can be represented as

y (k) = W 0φ
�
V 0X (k)

�
� ξ (k) , jξj2 � ξ̄

We use Talyor seris

φ [VkX (k)] = φ
�
V 0X

�
+ φ0

�
Vk � V 0

�
X (k) + δ (k)

φ [VkX (k)]� φ
�
V 0X

�
= φ0ṼkX (k) + δ (k)
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MLP

The error dyanmic is

e (k) = Wkφ [VkX (k)]�W 0φ
�
V 0X (k)

�
+ ξ (k)

= Wkφ [VkX (k)]�W 0φ
�
V 0X (k)

�
+W 0φ [VkX (k)]�W 0φ [VkX (k)] + ξ (k)
= W̃kφ [VkX (k)] +W 0

�
φ [VkX (k)]� φ

�
V 0X (k)

��
+ ξ (k)

= W̃kφ [VkX (k)] +W 0φ0ṼkX (k) + δ (k) + ξ (k)

Training law should be

Wk+1 = Wk � ηkφ [VkX (k)] e (k)
Vk+1 = Vk � ηkW

0φ0X (k) e (k)
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MLP

Lyapunov
Lk =

W̃k
2 + Ṽk2

∆Lk =
W̃k+1

2 + Ṽk+12 � �W̃k
2 + Ṽk2�

=
W̃k � ηkφ [VkX (k)] e (k)

2 + Ṽk � ηkW
0φ0X (k) e (k)

2
�
�W̃k

2 + Ṽk2�
= kηkφ [VkX (k)] e (k)k2 +

ηkW
0φ0X (k) e (k)

2
�2ηkφ [VkX (k)] e (k) W̃k � 2ηkW

0φ0X (k) e (k) Ṽk
= kηkφ [VkX (k)] e (k)k2 +

ηkW
0φ0X (k) e (k)

2
�2ηk

�
W̃kφ [VkX (k)] +W 0φ0ṼkX (k)

	
e (k)
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MLP

Because

W̃kφ [VkX (k)] +W
0φ0ṼkX (k) = e (k)� δ (k)� ξ (k)

∆Lk = kηkφ [VkX (k)] e (k)k2 +
ηkW

0φ0X (k) e (k)
2

�2ηk fe (k)� δ (k)� ξ (k)g e (k)
= �ηk

h
2� ηk

�
kφVkX (k)k2 +

W 0φ0X (k)
2�i e2 (k)

+2ηke (k) [δ (k) + ξ (k)]

Let

ηk =
η0

1+ kφVkX (k)k2 + kW 0φ0X (k)k2
, 1 � η0 > 0
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MLP

Becasue

2ηke (k) [δ (k) + ξ (k)] � ηke
2 (k) + ηk

�
ξ̄ + δ̄

�
, 1 � ηk > 0

So

∆Lk � ηk

h
ηk

�
kφVkX (k)k2 +

W 0φ0X (k)
2�� 1i e2 (k)

+ηk
�
ξ̄ + δ̄

�
� ηk

" �
kφVkX (k )k2+kW 0φ0X (k )k2

�
1+kφVkX (k )k2+kW 0φ0X (k )k2

η0 � 1
#
e2 (k) + ξ̄ + δ̄

� �πke2 (k) + ξ̄ + δ̄
� � [1� η0] η̄e

2 (k) + ξ̄ + δ̄

where

η̄ =
η0
1+ φ̄

, φ̄ = max
h
kφVkX (k)k2 +

W 0φ0X (k)
2i

(CINVESTAV-IPN) Intelligent Control October 10, 2024 19 / 22



MLP

Then the training law is

Wk+1 = Wk � skηkφ [VkX (k)] e (k)
Vk+1 = Vk � skηkW

0φ0X (k) e (k)

where

ηk =
η0

1+ kφVkX (k)k2 + kW 0φ0X (k)k2
, 0 � η0 � 1

sk =

8<: 1 if e2 (k) > ξ̄+δ̄
[1�η0 ]η̄

0 if e2 (k) � ξ̄+δ̄
[1�η0 ]η̄
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The average of the identi�cation error

Becasue
∆Lk � � [1� η0] η̄e

2 (k) + ξ̄ + δ̄

Summarizing from 1 up to T , and by using LT > 0 and L1 is a constant,
we obtain

LT � L1 � � [1� η0] η̄ ∑T
K=1 e

2 (k) + T
�
ξ̄ + δ̄

�
[1� η0] η̄ ∑T

K=1 e
2 (k) � L1 � LT + T

�
ξ̄ + δ̄

�
� L1 + T

�
ξ̄ + δ̄

�
so

1
T

T

∑
K=1

e2 (k) � ξ̄ + δ̄

[1� η0] η̄
+
1
T

1
[1� η0] η̄

L1

lim sup
T!∞

1
T

T

∑
k=1

e2 (k) � ξ̄ + δ̄

[1� η0] η̄
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Remarks

W 0 does not e¤ect the stability property of the neuro identi�cation, but it
in�uences the identi�cation accuracy.

1 Start from any initial value for W 0 = W0.

2 Do identi�cation with this W 0 until T0.
3 If the ke (T0)k < ke (0)k , let WT as a new W 0, i.e., W 0 = WT0 , go
to 2 to repeat the identi�cation process.

4 If the ke (T0)k � ke (0)k, stop this o¤-line identi�cation, now WT0 is
the �nal value for W 0.

With this prior knowledge W 0, we may start the on-line identi�cation .
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