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Abstract. The classical Kronecker—Weber Theorem establishes that the maximal abelian ex-
tension of the field of rational numbers is the union of all cyclotomic number fields. In 1974,
D. Hayes proved the analogue in characteristic p > 0. Hayes’ result says that the maximal
abelian extension of the rational function field F,(7T") is the composite of three pairwise lin-
early disjoint extensions. The first one is the union of all cyclotomic function fields relative
to the infinite prime, the pole divisor of 7', introduced by L. Carlitz. The second one is the
union of all cyclotomic function fields relative to the zero divisor of 7" and where the infinite
prime is totally wildly ramified and is the only ramified prime. Finally, the third one is the
union of all constant extensions. The proof of Hayes is based on the Reciprocity Law. In this
work we describe another approach to Hayes’ analogue of the Kronecker—Weber Theorem that
uses tools from the classical case as well as from the ramification theory of Artin—Schreier
extensions and the arithmetic of Witt vectors developed by H. Schmid.
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Introduction

We may understand by class field theory the study of abelian extensions of global fields
and local fields. In some sense, the simplest object of these two families of fields is
the field of rational numbers Q. Therefore, one of the objectives in class field theory is
to take care of the maximal abelian extension of Q. The first one to study the maximal
abelian extension of (Q as such was Leopold Kronecker in 1853 [11]. He claimed that
every finite abelian extension of Q was contained in a cyclotomic field Q((,,) for some
n € N. The proof of Kronecker was not complete as he himself was aware.

Heinrich Weber provided a proof of Kronecker’s result in 1886 [27]. Weber’s proof
was also incomplete but the gap was not noticed up to more than ninety years later by
Olaf Neumann [16]. The result is now known as the Kronecker—Weber Theorem. This
theorem is the object of this work.

David Hilbert gave a new proof of Kronecker’s original statement in 1896 [10].
This was the first correct complete proof of the theorem. Because of this some people
call the result the Kronecker—Weber—Hilbert Theorem. However, as we mentioned
above, Hilbert was not aware of the gap in Weber’s proof. Hilbert’s Twelfth Problem
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is precisely to extend the Kronecker—Weber Theorem to any base number field.

There is a close analogy between algebraic number fields and algebraic functions of
one variable. When the field of constants of a function field is a finite field, the analogy
is much deeper. The reason is that both families of fields have finite residue fields.
These families is what we know as global fields. The analogue of the Kronecker—
Weber Theorem for function fields is to find explicitly the maximal abelian extension
of a rational function field with field of constants the finite field of ¢ elements & =
Fo(T).

One natural question here is if there exists something similar to cyclotomic fields in
the case of function fields. Note that in full generality we have “cyclofomic” extensions
of an arbitrary base field F', namely, F'(¢,,) where (,, denotes a generator of the group
W, = {¢€ € F | € = 1}, F denoting a fixed algebraic closure of F'. However, in our
case, k((,)/k is just an extension of constants.

Leonard Carlitz established an analogue of cyclotomic number fields to the case of
function fields in [3, 4]. David Hayes [7] developed the ideas of Carlitz and he was
able to describe explicitly the maximal abelian extension A of k. Hayes’ description
of A is analogous to the Kronecker—Weber Theorem. His result may well be called
the Kronecker—Weber—Hilbert—Hayes Theorem but we will call it just the Kronecker—
Weber Theorem in characteristic p. Hayes’ approach to find A is the use of the Artin—
Takagi reciprocity law in class field theory.

The main purpose of this expository paper is to present another approach to Hayes’
result. The main tools of this description are based on the Artin—Schreier—Witt theory
of p—cyclic extensions of fields of characteristic p and particularly the arithmetic of
these extensions developed by Ernst Witt [29, 30] and Hermann Ludwig Schmid [22,
23, 24]. We may say that this approach is of combinatorial nature since, based on the
results of Witt and Schmid, we compare the number of certain cyclic extensions with
the number of such extensions contained in A. We find that these two numbers are the
same and from here the result follows.

The organization of the paper is the following. After reviewing the results of Kro-
necker, Weber and Hilbert, we present a proof of the classical Kronecker—Weber Theo-
rem based on the original ideas of Hilbert by using Minkowski’s discriminant theorem
and ramification groups. In Sections 3 and 4 we give a brief exposition of the Carlitz—
Hayes cyclotomic function fields and the description of the maximal abelian extension
A of k. After recalling the Takagi—Artin reciprocity law theorem, we describe, in Sec-
tion 6, the proof of Hayes. In Section 7 we recall some results on Witt Vectors and
some relations among the several “conductors” of extensions, particularly Schmid’s
computation of the conductor of a cyclic p—extension, where p is the characteristic.
These results are the main tools in the combinatorial proof of the Kronecker—Weber
Theorem, which is presented in the last section.
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Notation
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Forn € N, Q(¢,) denotes the cyclotomic number field obtained by adjoining the
n—th roots of unity to the field of rational numbers Q.

For a number field or a local field L, Oy, denotes the ring of integers of L.

If L/K is an extension of global or local fields, D, /x denotes the different of
the extension and © 1, := Dy q-

cony,/ is used to denote the conorm of a divisor in K to the corresponding
divisor in L.

For any prime p, vy is the valuation associated to .
For m € N, C,,, will denote the cyclic group of m elements.

If L/ K is a finite Galois extension of local fields, the i—th ramification group G,
i>0isG; ={0€G|or—xzecp'forallz € O}. Gy is the inertia group.

k denotes the rational congruence function field F, (7).

Poo denotes the infinite prime in k.

Rt denotes the ring of polynomials F,[T].

R} :={P € Ry | P is monic and irreducible}.

For M € Ry, Ay = {u € k | u™ = 0}.

For M € Rr, Ay denotes a fixed generator of the Rr—module Ayy.
The field k(Apr) = k(Apr) will also be denoted by kpy.

If @ € L is an algebraic element over K, Irr(a, z, K) € K|[x] denotes the irre-
ducible polynomial of « over K.

In k£, the finite primes will indistinctly be written as the prime divisor p or the
prime element P in R} of p, that is, the divisor of P in k is equal to sz%.

In a function field F' the principal divisor of a nonzero element v of F' will be
denoted by («)  or («) if the underlying field F' is clear.

If a € F and F is a field of characteristic p > 0, then p(a) = a? — a.

The operations 1., 2 and X denote the sum, difference and product respectively
of Witt vectors.

1 The classical case

The Kronecker—Weber Theorem establishes

Theorem (Kronecker—Weber). Every finite abelian extension of the field of rational
numbers Q is contained in a cyclotomic extension Q((,). O
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The theorem was first stated by Leopold Kronecker (1823—1891) in [11]. He wrote
(see [21]):

“... We obtain the remarkable result that the root of every abelian equation
with integer coefficients can be represented as a rational function of roots of
unity ...”

In his paper, Kronecker understands by abelian equations those with cyclic Galois
group. The general case follows from this one. His formulation was only for cyclic
extensions. Kronecker gave the generalization for arbitrary abelian number fields later
on in his 1877 paper [12, page 69]. The approach of Kronecker used Lagrangian
resolvents obtained by adjoining the n—th roots of unity to cyclic extensions of degree
n over a fixed number field.

What Kronecker did not provide was the proof for the case of cyclic extensions of
degree 2", n > 3. When p is an odd prime, the cyclotomic field extension Q((y»)/Q
is cyclic with Galois group C},—1 X Cpn1. Whenp = 2 and n > 3, Q((2»)/Q is
not a cyclic extension and in fact Gal(Q((»)/Q) = Cy x Cyn—2. In particular there
exist two cyclic subextensions of degree 2™ in Q((3»)/Q, 2 < m < n — 2 and three
cyclic subextensions of degree 2. The problem with the prime 2 was already admitted
by Kronecker himself.

Heinrich Weber (1842-1913) tried in [27] to give a complete proof of Kronecker’s
result in 1886. His work was based on Kronecker’s ideas. It seems that for about
ninety five years nobody noticed that Weber’s proof also had a gap. The gap was
first observed by Olaf Neumann in [16]. In 1896/1897, David Hilbert gave a new
proof of Kronecker’s result in [10]. This is the first complete proof of the Kronecker—
Weber Theorem and thus some people suggest that the theorem should be called the
Kronecker—Weber—Hilbert Theorem. Hilbert says in his paper that Weber had given a
complete and general proof of Kronecker’s result. As noticed by Neumann, this was
not so. Weber [28] finally gave his first complete valid proof in 1909.

2 A proof of the Kronecker—Weber Theorem based on
ramification groups

In this section we present the fundamental steps of a proof of the Kronecker—Weber
Theorem (see [14]). We use freely results on ramification groups, see [25] for instance.

Proposition 2.1. Let K /Q be an abelian extension such that the prime p € N is tamely
ramified. Then there exists an extension L of Q and a subfield F C Q((p) such that

(a).- Every unramified prime in K is unramified in L.
(b).- pis unramified in L.
(c)- FK=FL.
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SKETCH OF PROOF: Since p is tamely ramified, the first ramification group GG; of p is
trivial. Since K /Q is abelian, the inertia group I = I(p|p), where p is a prime of K
dividing p, is contained in [, = (z/ pZ)* so that the ramification index e = e(p|p)
divides p — 1. In particular p # 2. We consider the unique extension F’ with Q C
F C Q(¢p) of degree e over Q. Then F and L = (FK)! are the fields satisfying the
proposition. a
Applying Proposition 2.1 and induction on the number of ramified primes we obtain
as a corollary the Kronecker—Weber Theorem when K /Q is tamely ramified. The
substantial part of the proof of the theorem is when wild ramification is present. We
consider first a special case and divide this case in two parts: p odd and p = 2.

Proposition 2.2. Let K/Q be a cyclic extension of degree p over Q with p an odd
prime such that p is the only ramified prime. Then the different of the extension satisfies
D = p* =Y where p is the only ideal of K dividing p.

SKETCH OF PROOF: We have ¢ = e(p|p) = p. Choose 7 € p \ p°. Let
f(;E) = mp + ap—lxpil + -+ a1xr + apg = II'I‘(’/T,.’E,Q) € Z[l’]

be the irreducible polynomial of 7 over Q. All the nonzero terms a;7' # 0,0 < i <
p — 1 have different v, valuations: v,(a;7*) = pv,(a;) + i = i mod p.

Since 7P + ap,mrp_l +- -+ aym+ap = 0 it follows that p|a; forall0 < i < p—1
since otherwise vy (a;) = 0 for some j and

00 = 1y(0) = vy(7P + ap_ 17~ + -+ arm + ap)

= Ogglglg_l{npvp(ai) +if = 1;1;?{]} # 00.

Now D = (f'(m)) = p* with k = 32°,(|Gi| — 1) where G; denotes the i~
th ramification group corresponding to p over p. Since Gal(K/Q) is of order p, we
obtain |G;| — 1 = 0 or p — 1 so that p — 1|k. We have

fr)y=pr?~ '+ (p— 1)%71#)_2 + -+ 20T + ay.

Writing a,, = 1, it follows that for a; # 0 we have vy(ia;7"~') = (i — 1) mod p. In
particular, for all i # j and a; # 0 # a;, we obtain v, (ia;7'~) # v, (ja;m~"). Thus

k=vp(Dr) = vp(f(m)) = lgigp {vp(iam™")} = vp(io) + vp(ai,) +i0 — 1,

aﬁéO

for some ig. The case iy = p is not possible since vy (pa,7P~1) = 2p—1 # 0 mod (p—
1). Therefore 1 < 9 < p — 1. Thus

vp(ai, ™) = pup(ai,) +io — 1 < 2p — 1 = vy(pa,m? 1)
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and since p|a;,, we have v,(a;,) =t > 1. Therefore 2p — 1 > tp + ip — 1, so that
t = 1land k < 2p — 1. Since we have wild ramification £ > p — 1 and therefore
p—1 < p+ip— 1. Because p — 1|k we obtain finally that i) = p — 1 and that
k=2(p—1). O

Proposition 2.3. Let p be a prime number, p > 2, and let K/Q be a cyclic extension
of degree p where p is the only ramified prime in K /Q. Then K C Q((2).

PROOF: Let L/Q be an abelian extension such that [L : Q] = p? and such that p is
the only ramified prime. Let G be the inertia group of p and let £ := L. Then p
is unramified in £//Q and therefore E/Q is an unramified extension. It follows that
E = Q and that Gp = G := Gal(L/Q). Since L/Q is wildly ramified, we have
that the first ramification group G is not trivial, G| # {1}. Let F := L% . Then
p is tamely ramified in F/Q. It follows that F' = Q and that G; = G. We have
|Gi| = |Go| = |G| = p*.

Let G, be the first ramification group such that |G| < p>. We have r > 2. Now,
since G,_1/G, C p"~1/p" = Op/p = [F,, it follows that |G,_/G,| = p and
|GT71 | =D

Let H be any subgroup of G of order p. Consider b := p N O =. From Proposition
2.2 we obtain ®; x = b>P~1), Thus

DL =D puconpuy p2r=1) = @L/LHP%(IFI)_

In other words, the different O/ n = D p~ 21 is independent of the group H.
If H # G,, then the ramification groups for the extension L/L* are given by

GiAH = H %ngigr—l.
1 ifi>r

Thus, D,/ pn = p° with s = 375 (|Gi N H| = 1) = r(p — 1).
On the other hand, for H = (., we have

Dpjper =0 with t=Y (|GiNG,|—1) > (r+1)(p—1).
=0

Hence, H is the unique subgroup of G of order p and G is a cyclic group. Now let K
and K’ be two cyclic extensions of degree p over Q and such that p is the only ramified
prime in either one. If K # K’ then K K’ would be a noncyclic extension of degree
p? over Q with p the only ramified prime. It follows that X = K’ and that K is the
only subfield of Q((,2) of degree p over Q. O

Theorem 2.4. Let p be an odd prime. Let K/Q be an abelian extension of degree p™
where p is the only ramified prime. Then K is the only subfield of @(Cpm+1) of degree
p™ over Q and in particular K /Q is a cyclic extension.
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PROOF: Let L be the unique subfield of Q((,m1) of degree p™ over Q. The field LK
is an abelian extension of Q where p is the only ramified prime. If LK /Q were not a
cyclic extension, then it would contain a noncyclic subextension of degree p*>. Hence
K /Q s a cyclic extension. Since Gal(LK/Q) C Gal(K/Q) x Gal(L/Q) = Cjn, we
obtain that Gal(LK/Q) is of exponent p™. Therefore Gal(LK/Q) = Gal(K/Q) =
Cpmand L = K. a

Now for the even prime, p = 2, first we consider a quadratic extension K/Q such
that 2 is the only finite ramified prime. Write K = Q(+/d) with d a square free
integer. The discriminant of K is §ix = +d, +4d. Since dx is a power of 2 it follows
that d = 41 or d = +2. Therefore K = Q(i) = Q(v/—1) = Q({) or K = Q(+/2)
or K = Q(v/—2). Ineither case, K C Q((3) = Q(v2,v/~2).

Theorem 2.5. [f K/Q is a cyclic extension of degree 2™ with m > 2, with 2 the

only finite ramified prime, then K C Q((ym+2). Furthermore, K = Q((m+«2) NR =
QGm2 + Gona) 1= Ko 0r K = K1 (i) = Q(Gmez = Gonia).

PROOF: First we consider an abelian real extension K /Q of degree 2™ (not necessarily
cyclic) such that 2 is the only ramified prime. However, since Q(ﬂ) is the only real
quadratic extension with 2 the only ramified prime, it follows that K is cyclic. Thus
K K,, is cyclic so that K = K,,.

Now consider a nonreal cyclic extension K/Q of degree 2™ and with 2 the only
finite ramified prime. Let M := K(i) and M" := M NR. If K # M, that is,
i¢ M, Kt # M*and K* = K,,_; because it is a real extension of degree 2!
over Q. It follows that M = K,,. Since M = M™ (i), we have M = Q(({ym+2)
and Gal(M/Q) = C, x Cym. There exist three subfields of M of index 2, namely,
Q(Gme1), Ky and Ky, (). Since K/Q is a cyclic nonreal extension, we obtain that
K = Km,1 (Z) O

Theorem 2.6 (Kronecker—Weber). Let K /Q be a finite abelian extension. Then there
exists n € N such that K C Q((y).

PROOF: Since K/Q is an abelian extension, we have Gal(K/Q) = &]_,C),, where
each n; is a prime power. Consider K; := K Hi the fixed field under H; := @§:1 an,

1

1 <i<r. Then K = K;---K,. If we prove that each K; C Q((,) fcj):ésome
m; € N, then K C Q(Gnys-- -5 Cmy) € Q(Gny-om,.)- Therefore we may assume that
K/Q is a cyclic extension of degree p"* where p is a prime.

From Proposition 2.1, there exist an extension L of Q and F' C Q((,) for some
n € N such that FK = FL and that the only possible ramified prime in L/Q is p.
In fact, n can be chosen to be n = ¢ - - - ¢; where the ramified primes of K/Q are
q1,- - -,qy and possibly p. Therefore

LNF=Q and Gal(LF/Q)= Gal(L/Q) x Gal(F/Q) = Gal(FK/Q).
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It follows from Theorems 2.4 and 2.5 that L C Q(,t) for some [. Thus K C F'K =
FL g Q(CQI'“QT)Q(Cpl) = Q(gplqlmqr)‘ t

3 Cyclotomic function fields

The analogue of the Kronecker—Weber Theorem in characteristic p > 0 is: given a
congruence rational function field k := F,(7'), find explicitly the maximal abelian
extension A of k.

In [3] and [4] Leonard Carlitz established a theory of cyclotomic function fields
parallel to the classical one. David Hayes [7] developed this theory. In this section
we present the basic properties of the Carlitz—Hayes cyclotomic function fields. More
details can be consulted in [7] and [26].

Let T" be a transcendental fixed element over the finite field of ¢ elements F, and
consider k := F,(T"). Here the pole divisor po, of T" in k is called the infinite prime.
Let Ry := F,[T] be the ring of polynomials in 7". Here k plays the role of Q and Ry
the role of Z. Consider the ring Endp, (k) of F;—endomorphisms of k, a fixed algebraic
closure of k,

Endr, (k) = {¢: k — k: p(a+b) = p(a)+¢(b), p(aa) = ap(a)Va,b € k,a € Fy}.

Since the field k consists of two parts: [F; and ", we consider two special elements
of Endp q(l_c): the Frobenius automorphism ¢ of k/F,, and pr multiplication by T

More precisely, let ¢, ur € Endg, (k) be given by
o k—k , pr: k —k
u— ud u > Tu.

Note that ¢ o i = pf. o ¢ and in particular ¢ o pp # pp o . Forany M € Ry,

the substitution 7" — ¢ + p7 in M gives a ring homomorphism Ry LN Endp, (),
E(M(T)) = M(¢ + pr). Thatis, if u € k and M € Ry, then

E(M)(u) = aale + pr)*(u) + - + a1 (e + pr)(u) + agu

where M(T) = agT® + - -+ + a;T + ao. In this way k becomes an Rr—module. The
action is denoted as follows: if M € Ry andu € k, M ou = u™ := ¢(M)(u). We
obtain uM = Z?:o [A:[ Ju" where [A;[ | is a polynomial in Ry of degree (d — i)g" and

[](\ﬂ =M, [Jd\/[] = aq. We have forall M, N € Ry and o, € Fy

M+B8NY _ M N Tty T 74449
[ =alGT 80 [ =Tl )+ L]
with d € NU {0}.
This action of Ry on k is the analogue of the action of Z on Q*: n € Z, x €
Q*, nox := z™. Of course the action of Ry is an additive action on k and Z acts
multiplicatively on Q*.
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The analogy of these two actions runs as follows. If M € Ry, let Ay := {u €
k| uM = 0} which is analogous to A, := {z € Q* | 2™ = 1}, m € Z. We have
that Ay is an Rp—cyclic module. Indeed we have Ay = Ry /(M) as Rp—modules.
A fixed generator of Ay; will be denoted by Ap;. We have that )\ﬁ, A € Ry, is a
generator of Ay if and only if ged(A, M) = 1. Note that if o € [y, then Aans = A,
SO we may assume, in case of convenience, M is a monic polynomial.

The irreducible polynomial p(u) = Irr(Apr, u, k) € klu] of Ay is given by

p(u) =Wu(u):= [ (=2
A€Ry

ged(A,M)=1

deg A<deg M
The polynomial ¥y, (u) is called the M—th cyclotomic polynomial.

Let kpr := k(Apr) = k(Apr). Then kyy /k is an abelian extension with Galois group

G = Gal(kar/k) = (Ryp/(M))" the multiplicative group of invertible elements of
Ry /(M). The isomorphism is given as follows. For o € Gy, oAy is a generator of
Anr. Hence o)y = N4, for A € Ry relatively prime to M. We have that A is unique
modulo M. So o — A mod M is the isomorphism. Thus

[kar = k) = |G| = | (Re/(M))"| =: &(M).

This result is the analogue of Gal(Q((y,)/Q) & Uy, := (Z/mZ)", where U, denotes
the group of integers modulo m relatively prime to m, Wy (u) is the analogue of the
classical cyclotomic polynomial @,,(z) = [[ 1<i<m (z—¢%,) and, @(M) is the ana-
cd(z,m)=1

logue of the classical Euler phi function: go(ni) (: |){z €Z|1<i<m,ged(i,m)=
1}|. We have that ®(M) is a multiplicative function: ®(MN) = ®(M)P(N) for
M, N € Ry with ged(M,N) = 1. If P € Ry is an irreducible polynomial and n € N
then (I)(Pn) _ qnd _ q(nfl)d — q(nfl)d(qd _ 1)'

The ramification in the extension kpn/k with P € R} and n € N is given by the
following result which can be found with complete proofs in [17, Section 3.2].

Theorem 3.1. The prime P is fully ramified in kpn / k. The ramification index is ep =
®(P") = [kpn : k] = ¢V (¢? — 1), where d = deg P. Any other finite prime in k
is unramified in kpn [k. If P = poo, €p = €00 = €p. = ¢ — L, fP = foo = fooo = L,
hp = hoo = hyp,, = ®(M)/(q —1).

The extension kys [k is a geometric extension, that is, the field of constants of ks is
Fy and every subextension k g K C kyy is ramified. a

One important fact when we consider cyclotomic function fields, is the behavior of
Poo in any kps/k where always e, = ¢ — 1 and foo = 1. In particular po is always
tamely ramified. Furthermore, for any subextension L/K with k C K C L C ky, for
some M € Ry, if the prime divisors of K dividing p, are unramified, then they are
fully decomposed.

In any extension ky /k, the inertia group of po is Go = F;; C (RT/(M))* >~ Guy.
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4 The maximal abelian extension of k

Let A be the maximal abelian extension of k. The expression of A can be given
explicitly, namely, A is explicitly generated for suitable finite extensions of k, each one
of which is generated by roots of an explicit polynomial. Indeed A is the composite of
three pairwise linearly disjoint extensions £/k, kr/k and koo /k.

E/k: Consider the usual cyclotomic extensions of k, that is, the constant extensions of
k.So E =, Fgn(T). We have

Gp:=Gal(E/k) 222 [] Z,,
p prime
where 7 is the Priifer ring and Z,, p a prime number, is the ring of p—adic numbers.
We have that F/k is an unramified extension.
k(1 /k: Consider the union of all Carlitz—Hayes cyclotomic function fields k() :=
Unrer, %ar- We have

Gr := Gal(kip)/k) = lim (Rp/(M))".
MEeRy

koo /k: The field Ek () is an abelian extension of k but can not be the maximal one
since Poo is tamely ramified in Ek (7 /k and there exist abelian extensions K /k where
Poo i wildly ramified. For instance, consider K = k(y) where y» — y = T. Then
K /K is a cyclic extension of degree p, where p is the characteristic of k and p, is the
only ramified prime in K /k and it is wildly ramified.

We change our “variable” T by 7" = 1/T and we now consider the cyclotomic
function fields corresponding to the variable 7" instead of 7. Namely

kany = ko= |J k(Awr),  Rp=F[T'].
M'eRp

We have that k(7 shares much with k7). For instance, if ¢ = p?and 2P — z =

%, then K := k(z) C k‘(T) N kJ(Tr).

In order to find some subextension of k() linearly disjoint to k), consider Ly :=
U= k(A(z7ym ). In L7 /K the only ramified primes are p., which is totally ramified,
and the prime py corresponding to the zero divisor of 7. The prime pg is now the
infinite prime in k(7 and it is tamely ramified with ramification index ¢ — 1. Let
Gy = F; = (Rp /(T ))” be the inertia group of po. Then ko := Lgé is an abelian
extension of k£ where po, is the only ramified prime and it is totally wildly ramified,
that is, for any finite extension F/k, k ; F C koo, Poo 18 totally ramified in F' and
has no tame ramification. This is equivalent to have that the Galois group and the first
ramification group are the same.

The extension B := k(1) - koo - I is an abelian extension with k), koo, E pairwise

linearly disjoint. Why A = B? Hayes’ proof answers this question.
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5 Reciprocity Law

Consider the idele group Jy, of k which is defined as

Jo={(..,zp,...) € H ky | 2y € Oy for almost all p}.
pePy

Here PP, denotes the set of all prime divisors in k, ky is the completion of & at p, Oy is
the valuation ring at p in ky, k; = ky \ {0} and Oy is the group of units of Oy,

The topology of Jj is given as follows: a basis of the open sets consists of the
subsets [ [,cp, Ap where Ay C K is an open set for all p and A, = Oy for almost all
p €P,.

The idéle class group of k is defined by Cy, = Ji/k* where k* is embedded in Jj,
via the diagonal map. Consider a finite abelian extension K /k. Let S be a finite set of
prime divisors of k such that S contains all the ramified primes in K. Let I be the free
abelian group generated by Py, \ S. Let ¢x /. : I% — Gal(K/k), Yr/kp) = [KT/k] be
the Artin map.

We say that the reciprocity law holds for K /k if there exists a group homomorphism
¢ Ji — Gal(K/k) such that

(a).- 1) is continuous,
)~ B(k*) =1

©).- Y((x) = wK/k((x)S) forx € JZ := {(zp)pep, | p = 1 forp € S}, where S
consists of the ramified primes in K /k and (z)° := [Togsp™ (@) € 15,

In this case k* C ker1) so ¢ induces ¢: Cj, = Ji/k* — Gal(K/k). If 1) exists, it is
unique.
The global class field theory is given by the following theorem.

Theorem 5.1 (Takagi—Artin). (a).- Every finite abelian extension K/k satisfies the
reciprocity law.

(b).-  The Artin map gy, is surjective and ker Y ), = k* Nic i, (J i) where
kajk: Jr — Ji

is the norm map. Thus i, induces an isomorphism from Cy /N /;,(Ck) onto
Gal(K/k).

(c).- (Existence Theorem). For each open subgroup N of finite index in CY, there
exists a unique finite abelian extension K /k such that Ng/mwCk = N.

PROOF: See [5]. a
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6 The proof of David Hayes

The proof of D. Hayes is given in [7]. Let B = k(1)koo 2. The question is why B is
the maximal abelian extension of k. First, Hayes constructed a group homomorphism
Y: Jy — Gal(B/k). Since k(r), koo and E are pairwise linearly disjoint, we have
Gal(B/k) = G(1) x G x G where Gy = Gal(k(p)/k), Goo = Gal(ky/k) and
Gp = Gal(E/k) = Z.

For his construction, Hayes decomposed J = Jj as the direct product of four sub-
groups and defined v directly in each one of the four subgroups. Indeed, the map is
trivial on one factor and the other three factors map into G (1), Goo and G respec-
tively. The factorization is given as follows:

TR xUp x k) x Z

both algebraically and topologically. Here £* is the diagonal in .J. Next, let k,_ be
the completion of & at poo. If § € ky__, € can be written uniquely as § = un, where
oo = 1/T, which is a prime element at poo, u € U = O;w and n € Z. Then the
group kélol is defined by kélol = ker(sgnpm) N Uso, where sgn,_ : kg — k™ is given
by sgn, (§) = u mod 7. We have that k,glol x Z is isomorphic to ker(sgn,, ) with
isomorphism (v, n) — anl,. Finally let Ur := {(zp)pep, € J | 2p, = 1 and x, €
O, forall p}.

The next step in Hayes’ construction consisted in proving that there exists a natural
isomorphism 97 : Ur — G(1), both algebraically and topologically, and that kéz is
naturally isomorphic to G, = {f(1/T) € F,[[1/T]] | f(0) = 1} being the isomor-
phism denoted by 1.

Now vz: Z — G = 7 is the map such that ¢z (1) is the Frobenius automorphism.
Therefore 17 is a dense continuous monomorphism. In short, we have

QﬂT:UTi)G(T), woo5k£2 = Goo and ¢ZZZ‘—>Z.

We proceed with Hayes definition of the map v. Let ¢: J — Gal(B/k) = G ) x
G X G given as follows. For £ € J we write £ = dp(€)&rfso&z where

dr(€) =sen() - [[ w7 ek my=P with (P)= o, PeRf,
pePy pOO
P#Poo

&p € Up, fooek;(gll, &z €Z

(note that {, # &p..) and this decomposition of & corresponds to the decomposition
J2E* x Ur x k:,glol X 7Z.. The homomorphism 1 is finally defined by

(&) = Y10 oo (§)0V2(&2).
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Then ¢ is a continuous dense homomorphism from J into Gal(B/k) whose kernel is
k.

The final step in Hayes’ proof is the following. Let A be the maximal abelian
extension of k. We have B C A. Let ¢¥*: J — Gal(A/k) be the reciprocity law
homomorphism. Let rest: Gal(A/k) — Gal(B/k) be the restriction map. Then we
obtain rest oe)* = 1) and since ker 1) = ker¢* = k¥, it follows that kerrest = 1 so that
rest = Id and A = B. This proves the Kronecker—Weber Theorem in characteristic
p>0.

Hayes also proved that A = k() k () with T" = 1/T. However, as we have noticed,
k(r) and k(7 are not linearly disjoint.

7 Witt vectors and the conductor

One of the main tools for another proof of the Kronecker—Weber Theorem in positive
characteristic is the study of p—cyclic extensions of k. As we saw, in the classical case,
the substantial part of the proof of the Kronecker—Weber Theorem is wild ramification.
The same holds in characteristic p. We have already used, as examples, some Artin—
Schreier extensions. In this section we recall some arithmetic properties of cyclic
extensions of degree p” for fields of characteristic p, namely, some results obtained by
Ernst Witt [30] and Ludwig Schmid [24].

All the theory began with the results of Emil Artin and Otto Schreier [2]. A. Albert
[1] and E. Witt [30] proved that if F' admits a cyclic extension of degree p, then it
admits cyclic extensions of degree p™ for any n € N. Witt’s approach, stated in
Theorem 7.1 below, opened the door for the construction of Witt vectors.

Theorem 7.1 (Witt [29]). Let E/F be a cyclic extension of degree p™~', n > 2. Then
to construct a cyclic extension L/ F of degree p™ containing E, the following objects
are chosen arbitrarily:
(a).- A generator ¢ of Gal(E/F).
(b).- Anelement x € I,
(¢).- Asolutiond € E of Trg p 6 = x.
(d).- A solutiony € E of (p — 1)y = @é.

Then L is obtained as L = FE(6) where pf = ~. Any other extension of this type
can be obtained substituting v by v + c with ¢ € F. a

This result was the key for Schmid’s construction [24] to generate cyclic extensions
of degree p™ in characteristic p. Once he gave a construction of cyclic extensions of
degree p™, he also found in [22] a reciprocity formula for the local norm symbol of
cyclic extensions of degree p. Shortly after Schmid’s results, Witt [30] generalized
Schmid’s reciprocity norm formula to cyclic extensions of degree p™ and found a vec-
tor generation of Schmid’s construction of cyclic extensions of degree p™. This vector
generation is what we call Witt vectors.
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Witt vectors are constructed as follows. For a vector ¥ = (z1, 22, . . .) with a count-
able (finite or numerable) number of components z,, in characteristic 0, the ghost
components of T are defined by

t .
z® = x’l’t_l +px§t_2 T Zpiilx’;t_l, t=1,2,... (7.1)
i=1
Conversely, x; can be computed recursively as a polynomial in W 2® from

equation (7.1). This bijective correspondence is expressed by
= (xy,2,... |2 2z® ).

The sum -+, the difference — and the product x of Witt are defined by

z

IS PRI

X |+

7= (779 N x(l)fy(l)’x@)fy@) )

That is, the operations on the ghost components are term by term and on the regular
components are computed from the result obtained in the ghost components.

The above construction can be specified as follows. Consider three countable fam-
ilies {J;i, Yjs Zl}gj,lzl of algebraically independent elements over Q where N € N U
{oo} and let R = Q[zi,y;, z1)i ;- Let RY be the set RX R x -+ x Rx . We

N
denote also by R the ring with the underlying base set R" itself and the usual opera-
tions term by term (this construction corresponds to the one for the ghosts components)
and let Ry be the ring with underlying set RY again but with the following Witt op-

erations. Let o: Ry — RY be given by ¢(ay,as,...,ay) = (a(l),a(z)7 . ,a(N)).
We have that ¢ is a bijective map and the inverse map ¢: R — Ry is given by
w(a(l),a(z), e ,a(N)) = (ay,a,...,an). Then the Witt operations —.i—, l, X are
given by
® —1
7ED = (a?TpP)Y = (gpEpe)Y
axb. (axb) (axb).

For m € N we denote

0:=(0,0,...,0,...), 1=(1,0,...,0,...), m=ml=1+1+---F1.
—_— ——

m times
Here 0 is the zero element of Ry and 1 is the unity of Ry.
Witt operations can be performed mod p and thus if £ is a field of characteristic p,
we define
Wn(E) ={(z1,z2,...) | i € E}, N € NU{oc}

with the Witt operations mod p. W (F) is a commutative ring with unity called the
ring of Witt vectors of length N with coefficients in E. We have

@

X |4
X |+ e

g’)p =3 TP forall Z,§€ Wy(E).
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An element ¥ =

Tlye.oy Xn,...) € Wn(E) is invertible if and only if z; # 0. We
also obtain that p™ =

(1.,
i pmf (0 0,...,0,1,0,...).
\‘,_/
m

As an example, if N = n € N then W,,(F,) = Z/p"Z as rings and therefore
W, (Fp) is of characteristic p™. We also have that W (F,) = Z,, where Z, is the ring
of p—adic numbers and has characteristic 0.

As we have mentioned, Witt used his vector construction to describe cyclic exten-
sions of degree p™ in characteristic p. Let us describe how this was done. Let F' be
an arbitrary field of characteristic p and let W,,(F') be the ring of Witt vectors. Let
E/F be a finite Galois extension with Galois group G = Gal(E/F). If § € W, (E),
¥ = (y1,-.-,yn) then for o € G we define

Ug:g{r = (Uy17"'70yn)7

and the trace Trg 2 Wy (E) — Wy (F) is defined by

TrE/Fg: ZUg: (TI'E/Fy],?,...,?) S Wn(F)
ceG

If y; € Eis such that Trg/p y1 # 0, then Trg/p ¢/ is invertible in W, (F’). Further,
we have o (g T Z)=oy + oZ. We obtain the analogue of Hilbert’s Theorem 90. That
X X

is, if p: G — W, (F) is a map with ¢(0) = d, such that d@, 1 od, = @y, for all
0,7 € G, then there exists b € W, (E) such that @, = (1 — o)b forall o € G.

For ij € Wy, (E) we define pif := ¢ — i = (Y, uh) = (1, yn). We have
o =0 < T € W,(F,). Also for any ¥ € W,,(F) there exists § € W,,(F),
F a fixed algebraic closure of F, such that pif = #. The proof uses the analogue of
Hilbert’s Theorem 90. Furthermore if g is a fixed solution of gy = &, then all the
solutions are given by g + ., m € {0,1,...,p" — 1}.

The generation of cyclic extensions of degree p is given by next theorem.

Theorem 7.2. Let F' be any field of characteristic p and & € W, (F). Then the equa-
tion oy = T defines a cyclic extensionof F: E = F(§) = F(y1,...,yn) = F(p~'Z).
Furthermore Gal(E /F') = Cpn—m where yy, ..., ym € F, Y1 ¢ F. Therefore E/F
is a cyclic extension ofdegree p" if and only if x| ¢ p( ) where ¥ = (z1,...,2n). In
this case, G = Gal(E/F) is generated by off := i + 1.

Conversely, if E/F is a cyclic extension of degree p™, there exists ¥ € W, (F) such
that E = F(p~ 136) that is, every extension of degree p" is obtained by means of an
equation of the type oy = Z.

Finally, if E = F(y) = F(Z) with j,Z € Wy(FE) is a cyclic extension of degree
P with i = @, 97 = bwith @,b € Wy,(F), then there exist ] € Wy (F,) invertible,
equivalently, j relatively prime to p, and ¢ € W, (F) such that §j = jxZ¥ ¢and

— e — e

a=j X b+ pcand conversely. O
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7.1 The conductor

For the details of this section the reader may consult [15]. There are several concepts
of “conductor”. In the proof of the Kronecker—Weber Theorem this concept will be
considered. We need to know all cyclic p—extensions of k with ramification at a fixed
prime. However, it is necessary to bound the measure of this ramification. The way we
delimit the ramification type is precisely by means of the conductor. As an example,
for any o € N, there exists a cyclic extension K of k of degree p such that K C
k(Apo) but K ¢ k(Apa-1). For instance, take K = k(y) with y? —y =
ged(A,p) = 1and let A — oo.

We are interested only in congruence function fields, that is, function fields with
finite field of constants. Let k = F,(T), Ry = Fy[T]. Let M € Ry \ {0} be a
nonzero polynomial. Let y: (Rr/(M))" — C* be a Dirichlet character. If M € Ry
then a Dirichlet character x has conductor M if x can be defined modulo M but can
not be defined modulo N where NV is a divisor of M and N # M. In particular, if
P e R} a Dirichlet character x has conductor P if and only if x can be defined
modulo P%, x: (Rr/(P*))" — C* but can not be defined modulo P*~!. If , is
the conductor as Dirichlet character of y and if f; is the Artin conductor of y, then
fx = flx

Now we have that the local conductor of k(Ap«)/k at P is P* and 1 for any other
Q # P, Q € R+. Furthermore fix = P* <= K C k(Apo) and K € k(Apa—1).

1
T

7.2 The conductor according to Schmid

The computation of the conductor of cyclic extensions of degree p™ of k is one of
the main ingredients of the combinatorial proof of the Kronecker—Weber Theorem.
We describe briefly the results of Hasse, Witt and Schmid relative to some arithmetic
properties of p—cyclic extensions and particularly the result of Schmid [24] about the
conductor.

First, from the normal form of an Artin—Schreier extension found by Helmut Hasse,
we obtain

Proposition 7.3 (Hasse [6]). Let K/k be a cyclic extension of degree p such that K C
k(Apg) for some B € N, P € Ri.. Then there exists y € K such that K = k(y) with

py = y?—y = W(T) € kwith h(T) = 215 with g(T) € Ry, ged(P(T), g(T)) = 1,

(T)
degg < deg P* = Adeg P, A > 0 and ged(\, p) = 1.
The conductor of the extension K /k is PM1. O

From Proposition 7.3 and Schmid’s results [24] on the arithmetic generation of p—
cyclic extensions based on Witt vectors, we obtain

Corollary 7.4 (Schmid [24]). Let K/k be a cyclic extension of degree p™ with K C

k(Ape) for some o € N. Then there exists i such that K = k(i) with gy = ¥ —
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g=p¢ Wi (k) where B;(T) = Pg(’:gil with g;(T) € Ry, \i > 0and if \; > O then

gcd(g;(T), P(T) = 1 and ged(X;, p) = 1. Finally A\ > 0. O

From the norm residue symbol obtained by Schmid [22] for cyclic extensions of de-
gree p, generalized by Witt [30], Schmid himself [24] obtained the following invariants
to compute the conductor of a p—cyclic extension K/k:

Let K = k(%) be such that pg = 97 = ¢ = § € Wy (k), (8;) = S with A; > 0
and if \; > 0, then ged(c;,p) = 1 and ged(\;, p) = 1 where p is the prime divisor
associated to P.

Let M, := max {p"~‘)\;}. Note that M; = max{pM; 1, \;}, M} < My < --- <

1<i<n
M,,. Then

Theorem 7.5 (Schmid [24]). With the above conditions we have that the local conduc-
tor of K/k is
fr = Pt O

Corollary 7.6. Let K /k be a cyclic extension of degree p"™ with K C k(Ap«) for some
a €N. Then M,, + 1 < a. a

8 The Kronecker—Weber-Hayes Theorem

In this section we discuss another proof of Hayes’ result. The detailed proofs of the
results of this section can be found in [18, 19, 20]. Let k() := UMeRT kE(Aar),
Foo = Upers Fgrms koo 1= L0 where Ly = U3, k(Ap-) and Gj 2 F} is the
inertia group of the zero divisor of 1" in L.

Theorem 8.1 (Kronecker—Weber—Hilbert—-Hayes). The maximal abelian extension of
k=TFyT)is A= ki)Fookeo.

To prove Theorem 8.1 it suffices to prove that any finite abelian extension of & is
contained in kyF,mk, for some N € Ry, m,n € N and where the field k,, is given

by &y, := (U} k(ATfT))G(’ = k(Ap—n-1)%. Theorem 8.1 will be a consequence of
the following theorem.

Theorem 8.2. (a).- If K/k is a finite tamely ramified abelian extension such that
Py, ..., P. € Ry and possibly p~ are the ramified primes, then

K CFymk(Ap,..p.) forsome m €N.

(b).- If K/k is a cyclic extension of degree p" where P € R} is the only ramified
prime and it is totally ramified and P is fully decomposed, then K C k(Apa)
for some o € N.
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(©).- If K/k is a cyclic extension of degree p"™ where P € R} is the only rami-
fied prime, not necessarily fully ramified, we have K C Fymk(Apa) for some
m,a € N. O

Let K/k be a finite abelian extension. Let G := Gal(K/k) = Cp, x -+ x Oy, X
Cpar x -+ x Cpap, where ged(ng,p) = 1,1 < i <landa; € N, 1 < j < h. Let
K; C L be such that Gal(K;/k) = Cp,, 1 < i < landlet R; C K be such that
Gal(R;/k) = Cpe;, 1 < j < h. To prove Theorem 8.1 it suffices to show that each
K; and each R; are contained in k(Ay)F mk, for some N € Ry, m,n € N.

To obtain Theorem 8.1 from Theorem 8.2, first we give the following result.

Theorem 8.3. Let K /k be a cyclic extension of degree p" where Py, ..., P, € R} and
possibly po., are the ramified prime divisors. Then K = k(g) where

tg=F=6&+---15 1i

i

with ﬂ? — B ¢ p(k‘), 51‘]' = poia’

gcd(Qij, P;) = 1 and deg(Qi;) < deg(Pie“), and pij = f;(T) € Ry with p { deg f;
when f; & IF,.

€ij >0, Qij € Ry and ifeij > 0, then p f €ij,

SKETCH OF PROOF: See [13]. The proof of Theorem 8.3 is as follows. Consider a
cyclic extension K = k(77), pif = 7 — if = 3 € Wy (k), 7 € W, (K) a Witt vector of
length n in K. We decompose each component /3; in partial fractions as usual, we then
consider the ghost components (ﬁ(l), . ,@(n)), From (7.1) follows that they have a
decomposition of the form

s /

AU =37 U 4 (T forall 1 < j < .
-1 PY

7

We then write

(B9, 8) = (110, e () 4 (60 g)

with /) = 2 1 << <j<nand€l) = fI(T).

(2

P
Now we return to the regular components. The second simplification is no other
than Corollary 7.4. O

With the decomposition given in Theorem 8.3, we obtain

Proposition 8.4. If part (b) of Theorem 8.2 holds, then if K = k(y) where iy = P z
¥y = P with = (51, vy Bn | s, . ,ﬁ(”)), Bi in the normal form (Theorem 8.3),
Bis.-sBr €Fy, Brin & Fy, we have K C Fpnk(Apa) for some o € N. O
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Therefore Theorem 8.2 (c) is an immediate consequence of Theorem 8.2 (b) and
Proposition 8.4. According to the decomposition provided by Theorem 8.3, if R; =
k:(g;) and R’ = k(fi), it follows from Theorem 8.2 (a) and (b) and from Proposition
8.4 that R; C ]quik:(APqi) for some a;,m;, 1 <43 < rand R C Fymk,, for some
m,n € N. Thus M C kl(AN)qukn for some N € Rr and n,m € N and Theorem
8.1 follows.

To prove part (a) of Theorem 8.2, first we observe

Proposition 8.5. Ler P € R be a tamely ramified in K /k. If e is the ramification
index of P in K, we have e\qd — 1 where d = deg P. a

The proof of Proposition 8.5 is similar to that of the classical case, that is, to a part
of the proof of Proposition 2.1.

The next step is to prove the analogue of Proposition 2.1. Here we consider a tamely
ramified abelian extension K /k where P, . .., P, are the finite prime divisors ramified
in K/k. Let P € {Py,..., P} and with ramification index e. We consider k C E C
k(Ap) with [E : k] = e. In E/k the prime divisor P has ramification e. Consider the
composite K F.

K — KFE
k

E

From Abhyankar’s Lemma we obtain that the ramification of P in K E/k is e, so if we
consider H, the inertia group of P in KE/k and R := (K E)!. Then P is unramified
in R/k. Then it can be proved that K C Rk(Ap).

Continuing with this process r times we obtain that X' C Rok(Ap,...p,) and where
Ry/k is an extension such that the only possible ramified prime is po,. Part (a) of
Theorem 8.2 is consequence of

Proposition 8.6. Let K /k be an abelian extension where at most a prime divisor pg of
degree one is ramified and it is tamely ramified. Then K /k is an extension of constants.
O

Wild ramification is the key fact that distinguishes the positive characteristic case
from the classical one in the proof of the Kronecker—Weber Theorem. In the classical
case, the proof was based on the fact that for p > 3, there is only one cyclic extension
of degree p over Q where p is the only ramified prime. The case p = 2 is slightly harder
since there are three quadratic extensions where 2 is the only finite prime ramified.

In the function field case the situation is different. Fix a monic irreducible polyno-
mial P € Rj of degree d. Consider the Galois extension k(Ap2)/k and let Gp» =
Gal(k(Ap2)/k). We have that Gp2 is isomorphic to the direct product of Dp p2 =
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Gal(k(Ap2)/k(Ap)) with H := Gal(k(Ap)/k) = Cya_,.

H
F —— k(Ap)
Dp p2 Dp p2
k—— k(A
 k(Ap)

If F:= k(Ap2)H, then Gal(F/k) = Dp p2. Note that Dp p2 = {Amod P? | A €
R, A = 1 mod P} is an elementary abelian p—group so that Dp p» = C}' where
u = sd, ¢ = p°. In F'/k the only ramified prime is P, it is wildly ramified and « can
be chosen as large as we want. This is one of the reasons that the proof of the classical
case using ramification groups seems not to be applicable here.

Let P € Ri, o € Nand let d := deg P. First we compute how many cyclic
extensions of degree p™ are contained in k(Ap«). Note that p is fully decomposed
in K /k where K is any of these extensions. We have the exact sequence

1 — Dppe — (Rr/(P*))" -5 (Rr/(P))" — 1
where

¢: (Rp/(PY)" — (Rp/(P))"

., Dppe={N mod P*| N =1mod P}.
Amod P* +— AmodP ’

We may consider Dp pa = {1 + hP | h € Ry,degh < deg P* = da}. To compute
the number of elements of order p™ in Dp pa we just have to consider the elements
1 4+ hP such that

(1+hP)"" =1mod P* but (1+hP)"" ' %1 mod P*. (8.1)

If we write A = 1 + gP'*7 with gcd(g, P) = 1 and deg g < d(av — v — 1), then A
satisfies (8.1) precisely for v satisfying

N
p p

where [2] denotes the ceiling function, that is, [z] is the minimum integer larger than
or equal to x. For each ~y satisfying (8.2) there exist <I>(PO‘_'V_1) different polynomials
g with ged(g, P) = 1 and degg < d(a — v — 1), that is, deg(¢gP'™7) < deg P°.
Recall that ®(P*~7~1) = |(Ry /(P77 1))

Therefore we obtain that the number of elements of order p™ in Gal(k(Ap«)/k) is
equal to

dlo=[2)) (" [l =D 1).

Since each cyclic group of order p™ has ¢(p") = p"~!(p — 1) different generators, we
obtain
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Proposition 8.7. Let v, («) be the number of cyclic groups of order p™ contained in
(RT/(PO‘))*. Then

el b llED g
vnle) = pip—1) ' -

Now we describe the behavior of p, in an Artin—Schreier extension K /k.

Proposition 8.8. Let K := k(y) where y? — y = o € k with the normalized equation

y”—y—a—;gﬁiﬂLf(T)—QJrf(T),

- € ’
PP

where P; € R}, Q; € Ry, ged(P;,Q;) = 1, ¢, > 0, p f €;, degQ; < deg P{,
1 <i<r, f(T) € Ry, withptdeg f when f(T') ¢ F,.
The finite primes ramified in K /k are precisely P, ..., P,. The prime p is
(a).- decomposed if f(T) = 0.
(b).- inertif f(T) € Fyand f(T) & p(Fy) :={a? —a|a € F,}.
(c).- ramified if f(T) ¢ Fy (thus p { deg f). |

Note that any K C k(Apa) has conductor fx a divisor of P®. Next, using the
Theory of Artin—Schreier, we compute the number of cyclic extensions K of k of
degree p such that P is the only ramified prime, po, decomposes and the conductor fg
divides P®. From Proposition 8.8 follows that any such extension, written in normal
form, is given by an equation

@y:yp—y:%, A>0, pt), degQ < degP*

and the conductor is fx = PM1 sothat A < v — 1.

Now given another equation pz = 2P — z = a written also in normal form and such
that k(y) = k(z), satisfies that a = j% +pcwithj € {1,...,p—1}and c = %
with py < A. From these considerations, one may deduce that the number of different

cyclic extensions K /k of degree p such that the conductor K is fx = P> is equal
A

to Z)%ICID(P)\_ [P}) where [z] denotes the integer function. So, the number of these

extensions with conductor a divisor of P is % where

wia) =Y o 5] ). (8.3)

Computing (8.3) and comparing with Proposition 8.7 we obtain % = vy ().
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In other words, every cyclic extension K /k of degree p such that P is the only
ramified prime, po, decomposes fully in K/k and fx | P® is contained in k(Apa).
Therefore the Kronecker—Weber Theorem holds in this case.

Now we proceed with the cyclic case of degree p™. In other words, we want to
prove that any cyclic extensions of degree p” of conductor a divisor P* and where p,
decomposes fully, is contained in k(Apa ).

The proof is by induction on n. The case n = 1 is the case of Artin—Schreier
extensions. We assume that any cyclic extension K,,_; of degree p"~!, n > 2 with
P the only ramified prime and with po, fully decomposed in K, and such that
fx,_, | P is contained in k(Aps), d € N.

We consider K, a cyclic extension of k of degree p™ such that P is the only ramified
prime, P is fully ramified, po is fully decomposed and fg, | P®. Let K, be the
subfield of K, of degree p"~! over k. Let K, /k be generated by the Witt vector
B = (Bi,...,Bn), thatis, K,, = k(i) with pf = #* — § = ( and § written is
the normal form described by Schmid. Then K,_1/k is given by the Witt vector
F= ..\ Ban).

Let A = (A1,..., An—1, A\n) be the Schmid’s vector of invariants, that is, each f;
is given by f3; = PQ;'i where Q; = 0, that is, 3; = 0 or ged(Q;, P) = 1, degQ; <
deg P, \; > 0 and gcd()\;,p) = 1. Since P is fully ramified, \; > 0. The next
step is to find the number of different extension K, /K, _; that can be constructed by
means of 3,. If 8, # 0, each equation in normal form is given by

©Yn :yg —Yn = 2Zn—1+PBn

where z,_; is the element of K, obtained by the Witt’s generation of K,_; with
the vector 3. In fact, formally, z,_ is given by

n—1

1 n—1 n— n—i
Zn—1 = an_l [yf + 67 - (yz + Bi +Zz>1)p }

i=1

with zy = 0.

An
As in the case n = 1, we have that there exist at most <1>(P/\"_ [ P ] ) fields K,, with
A, > 0. The conductor of K, is PM»*1 with M,, = max{pM,,_1, \,} and PMn-1+1
is the conductor of K,,_;. It follows that pM,, | < a—1, A\, < o—1and fg, | | po

-1
with § = {a_] + 1. By the induction hypothesis, the number of such fields K,,_;
p

is Un—1 ((5)

Let ¢, (a), n, € N be the number of cyclic extensions K, /k of degree p" with
P the only ramified prime, fully ramified, po, fully decomposed and fx, | P“. To
prove the Kronecker—Weber Theorem it suffices to show ¢, (a) < v, («). We have
ti(a) = v(a) = %. By induction hypothesis we assume ¢,_1(§) = v,—1(d). In
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general we have ¢, () > v, (a). Now we obtain by direct computation

vpla) qd(a_ {%b
v (0) B p
Considering the case ,, = 0, the number of fields K, containing a fixed field K,
obtained in (8.3) is

8.4)

a
1 +w(a) = qd(a_ (P]).
Finally, with the substitution y, — z (= y, + jy1, 7 = 0,1,...,p — 1 in (8.3) we
obtain pz = 2 — z = B, + jB1.
That is, each extension obtained in (8.3) is obtained p times or, equivalently, for each
Br, the same extension is obtained with 8, 5, + B1,..., 80 + (p — 1)81. It follows
(6%

IHw(a) _ 1 dla—
bt 1t 4

that for each K,,_; there are at most » »l) such extensions K,,. From

equation (8.4) we obtain
L de=[3D
< - - )
(@) <t ) (" PV) = va(e)

This proves Theorem 8.2 (b) and Theorem 8.1.

9 Final remarks

The analogue of the Kronecker—Weber Theorem does not hold for number fields other
than Q. For instance, if K := @(\@) then L := Q({‘@) is an abelian extension of K
but L/Q is not a normal extension and in particular L is not contained in any K ((,)
since K ((,,)/Q is an abelian extension.

As we have mentioned, the content of Hilbert’s Twelfth Problem is to find an explicit
description of the maximal abelian extension of any number field K. This has been
achieved only for imaginary quadratic fields at the end of the 1920’s. Class field theory
gives a full account of abelian extensions of global fields and local fields by means of
fields belonging to “congruence groups” or “norm groups”.

In the case of congruence function fields, Hayes described the maximal abelian
extension of an arbitrary congruence function field F' by means of rank one Drinfeld
modules [8, 9]. Thus, we may consider that Hilbert’s Twelfth Problem has been solved
for function fields. Recently D. Zywina [31] constructed a continuous homomorphism
p: Gal(F%/F) — Cp, where F% is the maximal abelian extension of I and C is
the idele class group, whose inverse is the Artin Map of F' and as a consequence he
obtained an explicit description of F°.
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